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Notation

N B 9

-
+

defining equality
probability
expectation
approach from above
approach from below

max{-,0}

max{—-,0}

natural numbers

[0,00) C R

(0,00) CR

multivariate normal distribution

Hilbert space of square-integrable
random variables

partial derivative %
Dirac delta function at x

Kronecker’s delta

Gauss hypergeometric function o F}(a, b, ¢, z) := Z

1(E) indicator of set/condition E

E closure of set E

AB(E)  class of Borel subsets of E

span(E) linear span of vectors in F

det(A) determinant of matrix A

diag(a) diagonal matrix with elements of
vector @ on major diagonal

A’ transpose of matrix A

0, n X 1 vector of zeroes

1, n X 1 vector of ones

I, n X n identity matrix

gamma function
beta function

Pochhammer symbol
o~ (@) (D) 27
=0 (C)k k!

the Mandelbrot-van Ness representation of fBm

the Molchan-Golosov representation of fBm

the Muravlev representation of fBm

Kolmogorov’s spectral representation of fBm
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Chapter 1

Introduction

Fractional Brownian motion (fBm) is a generalisation of the standard Brownian
motion (Bm) to accommodate particular structures of dependency between disjoint
increments. First described by Kolmogorov in 1940, fBm and its discrete analog,
fractional Gaussian noise (fGn), are now widely used to model time series or spatial
data that exhibit fractal properties. They and derivative processes have been used
in bioengineering to model regional blood flow distributions in the heart, lungs and
kidneys [2], in communication theory to model the arrivals of network packets [8], in
hydrology to model water levels in rivers [31] and the hydraulic conductivity of soils
[41], in finance to model the prices of financial instruments [6], in genetics to model
stochastic gene expression [35] and DNA walks [1], in Bayesian machine learning to
induce a prior distribution on the function space of regression curves [59], in computer
graphics to generate natural-looking clouds, terrain and cellular noise [15], in soft
matter physics to describe diffusion in crowded fluids [12], and in fluid dynamics to
model the phase discrepancies along a turbulent wave-front [48].

Despite this breadth of applications, the analytical methods available for com-
puting statistics of fBm models are limited by the fact that the process is neither
Markov nor a semimartingale. A pool of structurally varied representations thus
serves as an important resource. Representations of fBm in terms of the more familiar
standard Brownian motion have been used to prove its existence, derive properties of
sample paths, propose simulation and approximation algorithms [8], develop theories
of stochastic integration with respect to fBm [7, 37], and facilitate various statistical
results [43, 26]. In this thesis, two existing time domain integral representations of
fBm are investigated.

First, the derivation of the Muravlev representation is presented in detail, and
properties of the infinite-dimensional Ornstein-Uhlenbeck process appearing in its
integrand are investigated, including the Markov property and the smoothness of its
sample surfaces in the spatial direction. The means by which long-range dependence
arises in an integral over short-range dependent processes is also discussed.

Second, geometric intuition for the Molchan-Golosov representation is developed,
which can be viewed as a contortion of the helix formed by fBm in the Hilbert space
of square-integrable random variables. In the discrete-time case, this geometric trans-
formation is shown to be equivalent (in a sense made precise) to the premultiplication
of a multivariate Gaussian vector consisting of fBm increments by a lower triangular
matrix constructed via Cholesky factors. As the size of the mesh on which the fBm
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is discretised shrinks to zero, this finite-dimensional linear transformation is shown
numerically to approach the Molchan-Golosov integral transformation.

The thesis has four main chapters. Chapter 2 outlines requisite background
theory, including a construction of Ito integration on the half line. Chapter 3
summarises the literature on fBm representations. The Muravlev and Molchan-
Golosov representations are discussed in Chapters 4 and 5, respectively. To close,
some concluding remarks are made in Chapter 6.



Chapter 2

Preliminaries

2.1 The space L?

The set of square-integrable random variables on a given probability space forms a
Hilbert space. This perspective can sometimes provide useful geometric intuition for
otherwise purely probabilistic arguments.

Formally, let (©, F,P) be a probability space. Denote by L*(Q, F,P) — or
simply L? when the particulars of the underlying probability space are not relevant —
the tuple (V, (-, -)12), where

Vi={X:Q5R|E[X’ <oo}/=

is the set of equivalence classes of almost surely equal random variables with finite
second moments. In practice, we usually refer to the elements of L? as being random
variables, rather than the strictly correct equivalence classes. Denoting by [X] the
equivalence class of random variables almost surely equal to X, the inner product
and norm on L? are defined as follows:

(XL = BXY, (X = (X, (X2 = VE{X?).
The space L?(Q, F,P) is complete and thus forms a Hilbert space.

2.2 Process properties

In this section a number of distributional properties of stochastic processes are
introduced.

Self-similarity
The following definition is modelled on that given in [52, Def 2.5.1].

Definition 2.1 (self-similarity). A stochastic process (X;);er is called self-similar if
there exists H > 0 such that, for all a > 0,

(Xat>t€R 4 (@HXt)teR

where, when equating processes, 2 denotes equality of the finite-dimensional distri-
butions. The term H -self-similar is also used to refer to such a process.
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4 PROCESS PROPERTIES

Self-similar processes are important because, among other properties, they arise
as the natural limits in functional central limit theorems, analogous to the role that
stable distributions play in one-dimensional central limit theorems [28].

Stationarity of increments

The following two notions are standard; these definitions follow [9, p.99] with a slight
modification of terminology.

Definition 2.2 (strictly stationary increments). A stochastic process (X;)io has
strictly stationary increments if, for any h > 0,

(Xitn — Xn)so = (X; — Xo)iso.

Definition 2.3 (weakly stationary increments). A stochastic process (X;);>o has
weakly stationary increments if, for any s,t > 0, E[(X; — X,)?] depends only on |t — s|.

Long-range dependence

There are at least five distinct definitions of long-range dependence used in the
literature, see [52, Ch. 2] for a comprehensive survey. Here, we define long-range
dependence of a weakly stationary process to be a property of its autocovariance
function. The autocovariance function of discrete-time, weakly stationary process
(Xn)nen is the function vx defined by

Wx<n) = EXn+1X1 — EXn_HEXl, n € N.

Definition 2.4 (long-range dependence). A discrete-time process (X,,)nen is long-
range dependent if its autocovariances are not absolutely summable. That is, if the
series

g x (B)|

diverges. A process is short-range dependent if it is not long-range dependent.

This is the third definition from [52, Ch. 2]. Note that saying a process is long-
range dependent is not merely saying that there exist non-zero covariances between
random variables in the sequence separated by arbitrarily large time intervals, but
that the magnitude of such covariances decay sufficiently slowly as the length of the
intervening time interval increases.

For our purposes, we will say a continuous-time, weakly stationary process
(Xt)ters, is long-range dependent if the discrete-time process (X, — X;_1)nen of
its increments is long-range dependent. If X, is a continuous-time process, the no-
tation vx will refer to the autocovariance function of its corresponding increment
process.

Long-range dependent processes and self-similar processes are related. Specifically,
if (X¢)iers, is H-self-similar for some H € (!/2,1) with strictly stationary increments,
then (X,, — X,,_1)nen will be long-range dependent [52, Prop. 2.8.1].
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Markovity

In qualitative terms, a Markov process (or a process that has the Markov property) is
one for which the distribution of the future trajectory of the process given its history
up to time ¢ depends only on the value of the process at time ¢. To make this notion
sufficiently precise for our purposes, we use a simplified version of the definition given
by Gikhman and Skorohod [27, Ch. 1 §3]. Let

— (2, F) be a measurable space (the sample space) equipped with a family
{Fi |t € Ryo} (or just F;) of sub-c-algebras of F such that if s <t then
Fs C F; (a filtration);

— (2, &) be another measurable space (the space in which the process takes its
values);

— X :Ryp x 2 — = be a function (the process); and

— {Ps. | s € Ryg,x € Z} (or just Ps,) be a collection of probability measures on
the o-algebra generated by U F.

Definition 2.5 (Markov process). The triple (X;, F;, P ;) is called a Markov process
if it satisfies the following properties:

M1 For all t € Ry, the map X; : Q — = which takes w — X (t,w) is F;-measurable.

M2 For all E € € and s,t € Ry such that s < ¢, the function = — P, ,({X; € E})
is £-measurable.

M3 For all x € = and s € Ry, P, ({Xs € 2\ z}) =0.

M4 (Markov property) For all z € =, F € € and r,s,t € Ry such that r < s <,
the probability P, .({X: € E|Fs}) = Ps x,({X: € E}).

Semimartingale

Definition 2.6 (semimartingale). A stochastic process (X;);>o is a semimartingale
if there exists a decomposition

Xy = M, + Ay,

where (M)~ is a local martingale, and (A;);~0 is a caddlag adapted process with
locally bounded variation.

Semimartingales are important because they are the broadest family of processes
with respect to which Ité integrals, introduced in Section 2.4, can be constructed (see
[53] for the general theory).
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Gaussianity

Definition 2.7 (Gaussian process). A Gaussian process is a stochastic process for
which all the finite-dimensional distributions are (multivariate) Gaussian.

Gaussian processes can be convenient to work with because they are uniquely
specified by their mean and covariance functions. Two key examples will appear
frequently in this thesis.

— The standard Brownian motion (Bm) on the half line is a mean-zero Gaussian
process (B;)icr,, With covariance function given by:

E[B;B;] = min{s, t} for s,t € Ry.

Disjoint increments of a standard Bm are independent, and the sample paths of
the process can be constructed to be (surely) continuous. Often we will make
use of a Bm on the real line, which is a stochastic process (By);er constructed
by
B {Bg, if ¢ >0, |

B%,, ift<0

where (B} )icr.,, (B})iers, are independent standard Brownian motions on the
half line.

— The Ornstein-Uhlenbeck process is, for any 5 € R.y, a mean-zero Gaussian
process (Ztﬁ )ters, With covariance function given by:

1
E[Z°7]] = ﬁe’ﬁ(hs) for s,t € Ry, s < t.

The above definitions are standard but and be found, for instance, in [52, Sec. 1.1.1].
Both processes can have their parameter sets truncated to bounded intervals without
unexpected consequences.

2.3 Fractional Brownian motion

The focus of this thesis is another family of Gaussian processes.

Definition 2.8 (fractional Brownian motion). For any H € (0, 1], the fractional
Brownian motion with Hurst parameter H (H-fBm) is defined to be a mean-zero
Gaussian process Bff = (B}?);>¢ with covariance function given by:

1
E[BABH] = §(S2H + 12— s —t*H) for all s,t € Ry,. (2.1)

The covariance function can indirectly but more elegantly be specified by setting
Bl :=0 and, for s,t >0, | Bf — BH||2 := |t — s|".
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Figure 2.1: Simulated sample paths of fractional Brownian motions at particular Hurst
parameters. Each path is simulated on a grid of time parameters, ¢t = 0.001k for £ € N<jggo.

The Hurst parameter H € (0, 1] controls the correlation of disjoint increments,
which is positive for H € (1/2, 1] and negative for H € (0,1/2). At H = 1/2, the process
is the standard Brownian motion B, with independent increments. Sample fBm paths
for a range of Hurst parameters are shown in Figure 2.1.

When H = 1, the process trajectory is a straight line with random slope—
namely, BfY = tBH almost surely. As H \, 0, the process converges in the sense
of convergence of finite-dimensional distributions to a white noise process with
random initial displacement. Specifically, if (W};);cr., is a stochastic process for
which each W; is an independent standard normal random variable, then as H \ 0
the finite-dimensional distributions of (B )ters, converge to those of the process
(Wi — Wo)/V/2)sers,. This fact was proved in [3, Sec. 4].

Several key properties of fBm are stated below.

Proposition 2.1. The process (B}?)>o is H-self-similar.

Proof. For any a > 0, the processes (BX)o and (a” BH);~o are both mean-zero,
Gaussian. Moreover, they have identical coveriance functions, because for s,t > 0,

1
EBYBH — 3 ((at)zH + (as)*! — |at — as|2H)

o2t
= 7(1&2H + 2 — |t — s]*) = E(a” BF)(a" BH).

Gaussian processes are fully specified by their mean and covariance functions, so

(BH),q & (" Bf);50 and, thus, (B! )ier., is H-self-similar. O

Proposition 2.2. The process (B )i~o has strictly stationary increments.
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Proof. Since the process is Gaussian, the distribution of each increment is fully
described by its mean and covariance, so it is sufficient to note that for any h > 0
and t € Rxg, the mean E[B, — B}f] = 0 and the variance

E((Bil, — By )’] = [t + h = h*" = [t]*"
are both independent of h. O

These above two properties provide an alternative characterisation of an H-
fBm which, up to a multiplicative constant, is the only Gaussian process which is
H-self-similar and has stationary increments (see [52, Def. 2.6.2]).

Proposition 2.3. (Bf);>q is long-range dependent if and only if H € (1/2,1].
The following proof is modelled on that in [21, Lem. 2.4].

Proof. Using the covariance function (2.1) of an H-fBm, we see that the autocovari-
ance function of its increment process is

g (n) = Bl(B.y, — B)(Bf' = By)]

1
=5 [(n—i—l)zH—nM— (nQH—(n—l)QH)} , for n € N.
By applying the mean value theorem twice, ygr can be shown to have the form
vpu(n) = H(2H — 1)(n + 05.,)*" 2 for n € N,

where 0y, € (—1,1) for all possible H, n. Thus, the absolute sum of the autocovari-
ances can be bounded as follows:

< H|2H — 1 ((1 +0um) 24> n””) , if H €(0,1/2),
n=1

Z v (n)] o0
n=1 > H[2H — 1] ) n*72, if H € (1/2,1].

n=2

The p-series on the right-hand side converge and diverge respectively for the cases
H € (0,Y2) and H € (1/2,1], so an H-fBm is long-range dependent if and only
if H € (1/2,1]. O

Proposition 2.4. If H # /2, then (BH)~¢ is not a Markov process.
Proposition 2.5. If H # 1/2, then (BH)o is not a semimartingale.

The preceeding two properties often mean that, relative to standard Bm, com-
putations involving fBm with Hurst parameter H # 1/2 are typically more difficult.
Proofs of Lemmas 2.4 and 2.5 can be found in [46, Thm. 2.2, 2.3].

Details on the history of fBm literature can be found in [21, 37, 39, 56].
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2.4 1ItO calculus

In this section the [t6 integral on the half-line is constructed. The method used is a
generalisation of that given in [47, Ch. 3].

Fix t € R. Take (Q, F, {Fs}sc(—o0), P) to be a filtered probability space. On top
of this underlying space, two additional spaces are built. The first is the Hilbert
space L? = L*(Q), F,P) as defined in Section 2.1. The second is the inner product
space ) consisting of stochastic processes (Y;)se(—oo,:

Y,: Q=R
w i Yi(w)

such that the following three properties hold:
i. The map (s,w) — Ys(w) is (AB((—o0,t]) x F)-measurable;

ii. The process (Y;)se(—oo, is Fs-adapted; and
t
iii. EU des} < oo0.

The inner product on ) is defined to be

t
(U, V.)y = / E[U,V,] ds,

—00

and the norm ||Uslly := (Us, US>§,/2. Let (Bs)ser be a standard Bm on the real line
with domain €2, such that B; is Fs-adapted and, for all s,t € Ry with s < ¢, the
increment B; — B, is independent of F,. For all (Y;)sc(—oo,y € Y we wish to define
the following integral:

t
1Y) = / Y, dB, .
Initially, we define the integral for simple processes.

Definition 2.9 (simple process). A stochastic process (Us)se(—ooy € Y is simple if it
has the form N
Us = X11(s = s1) + > X;1(s € (54, 8i11]),
i=1
for some increasing sequence of times u = s; < -+ < sy = v (where u,v € (—00,t]
and N € N) and some sequence of random variables (X;)¥, such that X; is F,,-
measurable.

Let (Us)se(-o0y € Y be a simple process as defined in Definition 2.9. The
It6 integral of (Us)se(—oo,y is defined as follows:

t v N
/ U, dB, = / U,dB, =3 Xi(B,,., — B.).
- v i=1
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Theorem 2.1 (It6 isometry for simple processes). If (Us)se(—ooy) € Y is simple, then
IZIUN 2 = Uslly-

Proof. First, note that if AB; := B,, , — B;,, then

Si+1
BIX2)(sis1 — i) i=
0 i F ]

This is because AB; is independent of F,,. Thus

[TV = E [(/UdB)]

(2.2) ZE (841 — si) = /UE[UE] ds

:EUu des] AN O

We can now proceed to construct the It integral for all Y; € Y via two steps.

Step 1. Let Vi be an element of Y which is almost surely zero off a compact in-
terval [u,t] for some u € (—oo,t). Then there exists a sequence of simple processes
(UM, such that UM — Vi in ).

See [47, p.27| for the proof.

Step 2. Let Y, be an arbitrary element of Y. Then there exists a sequence of
processes (V)22 | almost surely zero off a compact interval (dependent on n) such
that V' =Yg in ).

Proof. Choose V' :=Y,1(s > —n). Then
oot
IV, = Vel =B [ [ (=Yoo > w)ds|
o
=E / Y21(s < u) ds}

rrt
:E/ Yf—Yﬁs)u)ds}

rrt
-/ des]— [/ y21( ds}“*—“’%o,

because for u; > uo,

t t t
0 </ Y21(s > uy) ds </ Y21(s > us) ds </ Y2ds as.,

and so as u — —oQ,
[/ Y21 ds}—>E[/ YQdS},

by the monotone convergence theorem. O
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Definition 2.10 (It6 integral). Let Y be an arbitrary element of ). Choose, via
Steps 1 and 2, a sequence of simple processes (U")2° | such that U? — Y5 in ). Then
define

t t
/ Y.dB, := lim / Un dB, (2.3)
where the limit is taken in L?.

The limit exists because the sequence (U")>°, converges in Y, so is Cauchy. The
It6 isometry (Theorem 2.1) implies that the sequence of It6 integrals in (2.3) is also
Cauchy in the Hilbert space L?, so converges to a limit in L2

The It6 isometry also extends to the general case.

Theorem 2.2 (Itd isometry). If Y € Y, then ||Z]Y:]|lz2 = || Yslly-

For a process (X;)icr that satisfies
¢ ¢
X, — X, = / wu(s)ds —|—/ o(s) dBs, for all u € Ry U {—00},

where 1, 0 are stochastic processes sufficiently well-behaved for the integrals to exist,
it is standard in stochastic calculus to adopt the shorthand differential form

dX, = u(t) dt +o(t) dB, .

An important example for this thesis is the previously-introduced Ornstein-
Uhlenbeck process (Ztﬂ )ter, Which satisifies the so-called Langevin stochastic differen-

tial equation:
Az} = —BZP dt +dB, .

This form makes plain that the Ornstein-Uhlenbeck process is similar to a standard
Bm but has an extra ‘mean-reverting’ term — 5Ztﬂ dt which manifests as a tendency for
the process to return to zero. The strength of the tendency increases proportionally
to the amount by which the process deviates from zero.

Later, we will also require the following standard result.

Theorem 2.3 (It6 formula). Let (X;)ier be a stochastic process satisfying

and let g(t,z) : R? = R be a function that is twice continuously differentiable in x
and once continuously differentiable in t. Then if Y; := g(t, Xy), the process (Y;)ier
satisfies the formula

1
dY; = Owg(t, X¢) dt +0,9(t, X;) d X, —|—§0§g(t, X)(dX,)?,
where (dX;)? = dX;-dX; is computed according to the rules
dt -dt =dt-dB; =0, and dB;-dB; = dt.

A proof can be found in [47, Thm. 4.1.2].



Chapter 3

Literature review

There are a number of known representations of fBm in terms of other processes,
most commonly standard Brownian motion via an [t6 integral. This chapter is a non-
exhaustive review of the most prominent, their connections to other representations,
and some applications.

3.1 Representations

3.1.1 Time domain

Mandelbrot-van Ness

The following representation was introduced in the seminal 1968 paper of Mandelbrot
and van Ness [30, Def. 2.1].

Theorem 3.1 (Mandelbrot-van Ness representation). Let H € (0,1) and (By)wer be
a standard Bm on the real line. If

Bl = éH/R ((t— )17 — (—5)~") aB, (3.1)

where (+); = max{-,0} and the constant

; - H—1/2 _ H-1/2\? 1\"z [[(2H + 1)sin(7H)]z
CH:</0 () =) ds+> N T(H+12)

*

then (B{")ier., is an H-fBm.

See [46, Prop. 2.3] for a proof. The name fractional Brownian motion was coined
by Mandelbrot and van Ness as a result of this integral representation, the integrand
of which can be expressed as a fractional integral. See [50] and [21, Ch. 4] for an
introduction to fractional calculus and its connections with fBm.

Remark. Note that the constant ¢y quoted here is different from that given in [30],
which results in a similar process with a covariance function which differs from (2.1)
by a constant factor. See [37, App. A] for a computation of the correct constant.

12
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Theorem 3.1 is sometimes referred to as a ‘moving average’ representation because
it specifies the value B as a weighted average over the process (Bs).<;, With the
integrand determining the weight given to different regions of the standard Bm driver.
Figure 3.1 shows how the weights vary in H and s.

In econometrics, the process given by (3.1) is known as Type I fBm [32]. So-called
Type 11 tBm is a different but related process given by discarding part of the integrand
in (3.1), more commonly known as Riemann-Liouville type fBm [30, Ch. 2].

CONNECTIONS. Several generalisations of the Mandelbrot-van Ness (MvN) repre-
sentation are known, revealing that it is one of a class of structurally similar in-
tegral representations of fBm. For example, it is noted in [55, Eq. 7.2.7] that for
(+)- = max{—-,0} and any a,b € R,

/}R a (=T = (=)T") 40 (=" = (=9)")] dB, (3.2)

specifies an H-fBm up to a multiplicative constant. A similar generalisation in terms
of cusp functions is given in [26]. Additionally, Jost [20, Remark 5.10] points out
that truncating the lower terminal of integration to some finite value does not alter
the covariance of the representation. While it is clear that (3.1) is not a structurally
unique representation, it is shown in [16] that for H € [1/2,1) and ¢ falling within a
particular class of functions, it is the only integral of the form

[ (66t = 5) = 6(s)) dB

that specifies an H-fBm.

Additionally, the Mandelbrot-van Ness representation has been generalised to a
transformation formula, see (3.7).

The Muravlev representation (3.5) is derived from the Mandelbrot-van Ness
representation.

APPLICATIONS. In addition to serving as a starting point for the derivation of other
representations as outlined above, the Mandelbrot-van Ness representation is used in
the definition of Wiener integration with respect to fBm [37, Ch. 1.6].

Molchan-Golosov

The following representation is widely useful because it represents an H-fBm as a
stochastic integral over the compact interval [0, t].

Theorem 3.2 (Molchan-Golosov representation). Let H € (0,1), and (By)cr., be a
standard Bm. If

s—t

N t
Bl .= 5H/ (t —s)T=2 R (1/2 — H, H — 12 H+1/2, ) dB,, (3.3)
0

S

where o Fy is the Gauss hypergeometric function and the constant
_ [D(2H + 1) sin(7H)]>

R CEEO
then (EtH)teR>o is an H-fBm.
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Figure 3.1: The integrand ¢y ((t - s)ff_l/2 - (—s)f_l/z) appearing in the Mandelbrot-van

Ness representation of an H-fBm for fixed ¢ = 1, evaluated on a grid: €5~ = 0.01+0.02(k—1)
for k € Ng¢sg, and H = 0.01 4+ 0.02(k — 1), for k € N¢go. Note the discontinuity at s = 0.
In the case of H = 1/2, the integrand is equal to 1(s > 0) (the red line), reducing the
stochastic integral to its standard Bm driver. The peak near (s, H) = (¢,0) corresponds to
the increased roughness of the sample paths as H \ 0, and the trough near (s, H) = (0,0)
corresponds to the random initial displacement of the white noise process which arises in
the limit as H N\, 0.

|
0 025 05 0.75 1

Figure 3.2: The integrand ¢y (t — )72y F (/2 — H,H — /2, H + /2, (s — t)/s) appearing
in the Molchan-Golosov representation of an H-fBm for fixed ¢ = 1, evaluated on a grid:
s =0.014+0.02(k — 1) for k € N¢so, and H = 0.01 + 0.02(k — 1), for k € N¢5p. In the case
of H = 1/2, the integrand is identically 1, reducing the stochastic integral to its standard
Bm driver. The peaks near (s, H) = (¢,0) and (s, H) = (0,0) have the same interpretations
as the corresponding extrema in Figure 3.1. The additional peak near (s, H) = (0,1)
corresponds to the long-range dependence of the process when H € (1/2,1).



REPRESENTATIONS 15

Several sources imply the representation follows from the 1969 work of Molchan
and Golosov [40], but a much clearer proof is given in [21, Thm. 3.1]. In [45], the
representation is derived for the case H € (1/2,1) via an elementary approach.

Note that the expression for the constant ¢y given here differs from that given in
21, Lem. 3.2], in order to emphasise that ¢y = ¢y, the constant from the Mandelbrot-
van Ness representation. The expression used in [21, Lem. 3.2] can be obtained using
the reflection relation

['(1-2)I(z2) =

™

3 ifZE(C\Zgo,

sin(mz)
and the Legendre duplication formula
D(2)[(z + 12) = 2727/a0(22),  if z € C\ Zg.

These can respectively be found, for example, in [58, (1)] and [57, (50)].

As for the Mandelbrot-van Ness representation, the Molchan-Golosov represen-
tation can be thought of as a moving average and visualising the integrand in (3.3)
provides some intuition for how the moving average weights different regions of the
standard Bm driver to obtain an H-fBm. The integrand is plotted in Figure 3.2.

The dependence of the integrand on ¢ implies fBm is not an Itd process, but it is
a Volterra process, a term applied to stochastic processes that have the form

[ #ts.tyas.

for some deterministic function f such that the integral exists. A concise introduction
to Volterra processes can be found in [21, Ch. 6].

That such a finite-time interval representation of fBm exists, follows from the
fact that fBm is the simplest example of a Hermite process, as it is known that all
Hermite processes have finite time interval representations. See [51, Thm. 1.1] for
the definition of a Hermite process and general formulae for such representations.

CONNECTIONS. The Mandelbrot-van Ness representation can be derived as a boundary
case of an appropriately time-shifted Molchan-Golosov transformation formula (see
Theorem 3.6). The proof, however, is quite involved — see [22] for details.

The Molchan-Golosov representation has also been generalised to a transformation
formula, see Theorem 3.6.

APPLICATIONS. Jost [21, Rem. 3.3] provides a concise summary of the numerous
results for fBm which are based on the Molchan-Golosov representation, which include
a Girsanov fomula [45, Thm. 4.1], a Lévy characterisation [38], and a prediction
formula [50, Ch. 8]. It is also used to define a stochastic integral with respect to fBm
via Malliavin calculus [7].

Muravlev

The following representation is much more recent. Partial results for the cases
H € (0,1/2) and H € (1/2,1) were published in [4] and [5, Sec. 2], respectively, in the
late 1990s. The version stated here appeared in 2011 [43, Cor. 1], and was obtained
by Muravlev without knowledge of the earlier work.
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Theorem 3.3 (Muravlev representation). Let H € (0,1/2) U (1/2,1) and (Bi)ier be
a standard Bm on the real line. For each B € Ryg, let (Ztﬁ)teR}O be the Ornstein-
Uhlenbeck process given by the following expression

t
78 = e P / ¢* dB, . (3.4)
If
e [Tz - zas iHE 007,
B, = 0 (3.5)

@Aﬂwﬁwﬁ—ﬁ_&wxﬁﬂeme

where the constant
[D(2H + 1) sin(7H)]"?

B2+ H,\a—H)

cyg =

then (Bf)te]]{>0 is an H-fBm.

The representation can be derived from the Mandelbrot-van Ness representa-
tion [43]. A direct computation of the covariance function does not appear to have
been published.

Note that in [43, Cor. 1], Muravlev uses an equivalent specification of (Ztﬁ JteRss
namely:

t
A / % dB,,
0

where ({3)ser., is a mean-zero Gaussian process independent of (By)icr.,, With
covariance function E{,&s = (a + 3)~!'. This form is easily derived from (3.4) by

setting
0
&p = /_ e’* dB, .

CONNECTIONS. The derivation of (3.5) from the Mandelbrot-van Ness representation
is presented in detail in Section 4.1 of this thesis.

In the course of his derivation, Muravlev obtained a related representation with
a single expression that works for all H € (0,1/2) U (1/2,1). For arbitrary ¢ > 0, the
process

@A(ﬁwﬂﬁyﬂﬁf%wywﬂ&

. 1/(H~1/2)
o= <cHr<l/2 . H)) ’

specifies an H-fBm for ¢ € [0, 00).

The appeal of the Muravlev representation is that the function-valued process
(Z;)iers, is a Markov process (see Section 4.2.2), and thus it provides an avenue
through which some known theoretical tools for Markov processes can be applied to
fBm. However, Harms and Stefanovits point out in [18, Rem. 3.6] that, contrary to
a claim made by Muravlev, (3.5) cannot be described as a linear functional of an

where the constant
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infinite-dimensional Markov process, because (Z; — By);er., is not Markov. In [18,
Thm. 3.5] they present an updated representation with more symmetric cases which
is a linear functional of a Markov process. Up to a constant factor, it has the form

BT~ 2y dp. i H e (0,172),

|8 =Y as, i H e (72,1),

where, for each 3 € R, the process (Yf)teﬂgo is related to (Z) )iers, Via the following
stochastic differential equation:

Ay = —pylat+z7 dt.

APPLICATIONS. The Muravlev representation and its relatives have been used to
obtain bounds on the expected value of an fBm at a (general) stopping time in terms of
the mean of the stopping time [43, Thm. 2], to prove a conjectured inequality involving
the maximum of an fBm [60, Thm 2.1], and to propose competitively-performing
fBm approximation schemes [17].

Mandelbrot-van Ness

& Molchan-Golosov Muravlev Spectral

I I I I [ [
1+ He 76H | 75[{ L
0.8 4 b 1k |
0.6 |- 4 b 1k |
0.4 .= s |
0.2 .= s |
0 [ i I |
SIL Y r— 1t 1t :

[ [ | | | | | | |

0 1/2 1 0 1/2 1 0 1/2 1

H

Figure 3.3: The constants in each of the four main representations described, plotted as
functions of the Hurst parameter H. Excluding the three points indicated, values are
defined on H € [0, 1].

3.1.2 Spectral domain

In the first of his two 1940 papers, Kolmogorov presented a spectral representation
for fBm [24], albeit in a more general context and not under that name. The version
presented here is less abstract.
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Theorem 3.4 (spectral representation). Let H € (0,1/2) U (Y/2,1), and (B;)iwer be a
standard Bm on the real line. If

~ 01— cos(st) % sin(st)
H ~
BY =y (/_ e ) B, + + |H+1/2 ) , (3.6)

where the constant

=
—

= (2 S ds) = [2n2H) cos(ran)]

S2H+1

then (Bt]{)teR>0 is an H-fBm.

See [46, Prop. 2.3] for the proof. Several effectively equivalent variations exist, in
particular some that define an fBm on the real line—see eg. [21, Thm. 3.6].

CONNECTIONS. The spectral representation can be related to the Mandelbrot-van
Ness representation via Parseval’s identity, see [21, Sec. 3.4] and [55, Sec. 7.2.2] for
details.

As was the case for the Mandelbrot-van Ness representation, the (3.6) is one of
a class of structurally similar representations. One such generalisation, analogous
0 (3.2), is noted in [55, Sec. 7.2.2].

In [10], the spectral representation is used to obtain a series representation of an
H-fBm on t € [0, 1] of the form

> 1 — cos(z,t > sin(y,t

Z (‘r )Xn+z ln(y )Yn,

n=1 n n=1 yn
where (2,)5,, (y,)22, are particular strictly increasing sequences of constants
and (X)), (V,,)22, are independent sequences of independent, mean-zero normal

random variables with particular variances dependent on n. A so-called Paley-Wiener
expansion with a similar form is derived in [11, Cor. 8.2].

A second class of spectral-domain representations of fBm are those given by
wavelet expansions (eg. [36, Thm. 2], [52, Thm. 8.2.7]), but the theory of wavelets is
beyond the scope of this thesis.

3.2 Transformations

Transformation formulae for fractional Brownian motions are representations in which,
for arbitrarily chosen Hurst parameters H, K € (0,1), an H-fBm is represented as a
function of a K-fBm. Two of the previously introduced representations have been
generalised to transformation formulae, stated below.

Both generalisations make use of stochastic integration with respect to an fBm.
There are several approaches to defining such integrals, see [37, Ch. 1-2] for a
comprehensive overview. The integrals that appear in Theorems 3.5 and 3.6 are
(fractional) Wiener integrals, the construction of which is beyond the scope of this
thesis. The reader is pointed to [20, Sec. 4] or the previous reference for details.

We now state the two transformation formulae. The first, a generalisation of the
Mandelbrot-van Ness representation, was proved in [49, Thm. 1].
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Theorem 3.5 (Mandelbrot-van Ness transformation). Let H, K € (0,1), and (BE)cr
be a K-fBm. If

B = e [ (6= )1 = (=)7) B, (37)

where the constant

CHK = )

1 D(2H + 1) sin(nH)\ 2
[(H— K +1) \T(2K + 1)sin(rK)
then (étH’K)teR is an H-fBm.

The second, an analogous generalisation of the Molchan-Golosov representation,
was proved in [20, Thm. 5.1].

Theorem 3.6 (Molchan-Golosov transformation). Let H, K € (0,1), and (Bf)cr.,
be a K-fBm. If

SHEK t H-K s—t K
B :cH,K/ (t — )" K, Ry <1—K—H,H—K,1+H—K, >dBS . (3.8)
0
where the constant
o 1 OH T(H + Y2)D(3/2 — H)T(2 — 2K)\ 2
MK ZDH - K +1) \2K T(K + /2)T (32— K)[(2 — 2H) )

~

then (Bf’K)t€R>O is an H-fBm.



Chapter 4

The Muravlev representation

Here, we investigate four aspects of the Muravlev representation of fractional Brownian
motion (Theorem 3.3). They are (i) its derivation, (ii) the smoothness of the random
field Z in 3, (iii) the Markov property of the function-valued process (Z;):cr.,, and
(iv) the emergence of long-range dependence.

4.1 Derivation

Muravlev [43] only provides a sketch of the derivation for his representation. Here we
present it in more detail, drawing on a key integral form for the analytic continuation
of the gamma function mentioned in [18, Rem. 3.6].

Lemma 4.1. For 7 € R.g and H € (0,1/2) U (Y/2,1) we have the following formulae.
|t iag, i H € (0,1)2),
_JJo

PO - H) = 170
/0 B (e 1) dp, if H € (1f2,1).

(4.1)

Proof. We do each case separately.

For H € (0,1/2), the integral on the right-hand side converges because the integrand
is O(B~>"H) as B\, 0 and O(e™ ™) as B — oo. The left-hand side arises via the
substitution u = (7 and, since /2 — H > 0, the standard integral definition of
the gamma function. Note that this result can also be thought of as expressing the
function 7 + 7#~"/2 as the Laplace transform of the function 3 — 3=7/>=H /T'(1/2— H).

Now to H € (1/2,1). The integral on the right-hand side converges because the
integrand is O(37>#) as B\, 0 and O(3~">H) as B — oo. The integral definition
of I'(z) does not converge for < 0, but the definition can be extended via the
identity «I'(x) = I'(z + 1). In particular, for x € (—1,0) one has

P@)= Tat1) =+ [~ uwred

(a:)—x(x+)—x/oue u

_ 1! ([—uz(e“ — 1)}0070 +/ ru” (e — 1) du) = / u*He™ —1)du,
u= 0 0

T

using integration by parts. Each of these integrals converges, as per the comments
above. Again, substituting u = A7 into the integral on the right-hand side of (4.1),

20
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we see that
/oo 5_1/2—H (6—BT _ 1) dB = SH=1/2 /OO u (/2= H)—1 (e—u _ 1) du
0 0
= rA=21 (1)9 — H). O
We can now proceed to the derivation of the Muravlev representation.

Proof of Theorem 3.3. Start with Theorem 3.1, the Mandelbrot-van Ness representa-
tion. For t € Ry,

l * H-1 H-1
Bl =éu [ ((t =) = (=) ) aB,

0 t
_ éH/ ((t _ S>H71/2 _ (_S)H71/2> dB, +5H/0 (t . S)H71/2 dB,

— 00

o [ Ooo [T e o) dp| B,
) I /0 t [ /O Y g H g B-9) dﬁ] dB,, it H € (0,1/2),
ew / OOO [T e — o) dg] dB,
+Cp /Ot UOOO pH (e—ﬁ“—s) — 1) dﬁ] dB,, if H € (1/2,1).

The final equality follows from Lemma 4.1 and the identity ¢y = ¢yT'(1/2— H), which

holds because . o ;
B+ H, 1 — H) = 102 F F)(1)(/2— )

and T'(1) = 1. Each of the integrals in the final expression converges, as per comments
in the proof of Lemma 4.1. Using a stochastic Fubini theorem (see [29, Thm. 5.15])
to interchange the order of integration and defining,

t
78 = / e=9t=9 4B, (4.2)
we get
o e [ =z as, itH € (007,
Et = Ooo
on [ B7IZ - 28— B, it H e (1),
0

which is the Muravlev representation. O

4.2 The random field Ztﬁ

The core stochastic object appearing in the Muravlev representation is the Gaus-
sian random field Z = (Z/ )teRso,8eRs- A portion of a sample surface is shown
in Figure 4.1. Here we prove that, for each t € R.(, sample paths of the one-
dimensional slice (Ztﬁ )ger~, are smooth. We then show that, when viewed as an
infinite-dimensional Ornstein-Uhlenbeck process, (Z;)icr., is Markov, and compute
its transition probabilities.
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Figure 4.1: The random field Zf sampled on the grid: ¢t =0.01(k — 1) for k € Ngago1,
and 8 = 0.05m for m € Ng¢ypo. The vertical cross-sections of the surface parallel to the ¢
axis are Ornstein-Uhlenbeck processes, and hence rough. The vertical cross-sections parallel
to the 3 axis are smooth Gaussian processes with covariance EZ?ZE = (a+ B)~L. Variance
of the random field approaches infinity as § N\, 0 and zero as § — oo. Note that the process
was started in stationarity as per (4.2), though in this particular sample, it is difficult to
distinguish from an initial value of Zy = 0. The code used to generate the sample can be
found in the appendix.

4.2.1 Smoothness in [

We start with a prerequisite lemma, adapted from [13, Thm. 2.27].

Lemma 4.2 (differentiation under integral). For —oo < a < b < oo, let
f:Sx(ab) —R

be a function such that f(-,x) : S — R is integrable and measurable for all x € (a,b).
If 0, f ewists and further there exists an integrable function g : S — R such that

0, f(s,2)| < gls),  forallz € (a,h), s€S,

then [s f(s,x)ds is differentiable in x and

Ox/sf(s,x)ds:/sﬁxf(s,x)ds

Proof. Fix x € (a,b). For any real sequence (h,)5° such that h,, — 0 as n — oo, we
have 0, f(s,x) = lim, o fn(s), where

fuls) = f(s,x—i—h;;)L—f(s,x).

The functions f,, are compositions of measurable functions so are themselves measur-
able. Additionally, f,(s) — 0, f(s,z) pointwise for all s € S and the inequality

fuf)l < sup ]a f(s,9)| < g(s)

yEa
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holds by assumption. Thus, applying the dominated convergence theorem (DCT), we
see that 0, f(s,x) is integrable in s, so 0, [ f(s,x) ds exists and is given by

8/fsa:ds-hm[/fsx+h ds—/fsxds
hm/fn dsDET/awfs,x s. ]

Theorem 4.1 (smoothness of Z% in B). For any k € N and any fizred t € Rq, the
derivative 8’5 Ztﬁ exists and is continuous in [3.

Proof. By Theorem 2.3 (It6’s formula),
d(e”B.), = e B, ds +¢” dB, .

So, multiplying the corresponding integral equation with terminals ffoo by e P, we
see that Ztﬁ can be rewritten as a Lebesgue integral:

t
A
= [eﬁ(s_t)B / BePCN B, ds

— B, — / BeP DB, ds |

S=—00

In the last equality, we used the law of the iterated logarithm (LIL) for Bm (see
eg. [42, Thm. 5.1]), which implies that B; = O(]s|) almost surely as |s| — oo.
Let k£ € N be arbitrary. The above integrand is smooth in 3 so 8’5 Bel5=Y B, exists.

Since B, is almost surely continuous and |B;/t| <=5 0 as |t| — oo (a consequence of
the LIL), there exists a random time T} € (—o0,0) such that for all 5 € Ry,

(s) 0% BP0 g, if s € (—o0,Tk),
gk\s) = . .
8’5"’ BeBls=t) (supue[Tk7t] |Bu|> , if s € [Ty, t],

is an integrable upper bound for ‘8’5 56,@(34)35‘ on s € (—oo,t]. Further, as a function

of s, 8’5’1 Bef=t) B, is integrable and measurable a.s. on (0o, ]. So the conditions of
Lemma 4.2 are satisfied for all £ € N and, if n € N, we have

t
05 2) =5 B~ 05 [ 5B ds

t
== 9;..0; [ BB ds
e
n derivatives

t
_ / a5 8P B, ds .

For the last equality, we repeatedly used Lemma 4.2 and dominating function gz, to
move the k-th (k € Ng,) partial derivative under the integral. Thus 0} Z! exists for

all £ € N and, since akH ZB also exists, 8§ Ztﬂ is continuous in . O
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4.2.2 As a Markov process

Multivariate Ornstein-Uhlenbeck process

The matriz exponential e/ for a matrix A € R™™ is defined (as per [54]) by
et =) —. (4.3)

In this thesis, we will work with vectors as column vectors, and use -’ to denote
the transpose of a vector or matrix. If A = diag((as,...,a;)"), the m x m diagonal
matrix with elements of the column vector (ay, ..., a,)" along the diagonal, then (4.3)
implies that e? = diag((e™,...,e%)"). This is the only case we will encounter.

For arbitrary m € N, let 8 = (B1,...,0m) € R7y, and ZF = (Z)*,...,2/").
Following [34], we can describe (Z,@H )ickrs, as a multivariate Ornstein-Uhlenbeck
process with the following integral representation:

20 — Bl gf | / L e-dieg(®)t-uq 4B
0
_ /t e—diag(ﬂ)(t—u)lm dB, .

The vector integrals are evaluated element-wise. Generalising the univariate case,
(Z? )ters, can also be shown to be the unique strong solution of the following multi-
variate SDE:

0 .
dZP = —diag(B)Z? dt +1,,dB,, forte Ry, Z5 = / e~diee®-w)1 4B, .
The transition densities for (Zfi )iers, Will be required shortly, so we compute
them here. Fix arbitrary s,t € R>g such that s <¢. Then

78 _ /t e—deeBt-0)1 ap
_ dig(B)i—) /s e_diag(@)(s_u)lm dBu—i—/t 6_diag(ﬂ)(t—wlm dB, (4.4)
_ o~diog(8)(—) 78 +/t c—dRE@)-0] B

The second term is a vector of It0 integrals with a shared Bm driver (Bu)ue[s,t], SO
can be defined as a limit of a sequence of linear transformations of the increments
of B,. Each element in the sequence, being a linear transformation of a vector of
independent Bm increments, is multivariate Gaussian, and so the limiting vector of
integrals will also be multivariate Gaussian. As such, the conditional distribution
of Zf |Zf is fully specified by its mean vector and covariance matrix. Using (4.4),
the mean is given by

. t .
By, o =B 20|28 = E e 0201 28] L E [ / ~dRB)1-01 B, | Z°
— GO 7B | — ~degB)i=s) 7B

R
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and the covariance matrix by

Sz = E [(Zf ~E|z]|2?)) (27 - E|2]|2?]) yzf}

B K/t 6—diag(ﬂ)(t—u)1m dBu) (/t e—diag(ﬂ)(t—u)lm dBu)/ |Z§1
~ t t m

= |E K/ e Bilt—u) dBu> (/ e Pilt—u) dBu>”
L s s ij=1

- .
- / o Bilt—u) =B (t—u) du}
ij=1

LS S

1 _ e—(mﬂj)(t—s)r
B Bi + B;

i,j=1

In the second-last equality, we used the standard expression for the covariance of 1t6
integrals, which can be derived from the [t0 isometry using the polarisation identity.
Thus, Ztﬁ|Zf ~ MVN(“ﬂs 2P Et‘s »») and has the corresponding transition density:

1
(27T)m/2 det(EﬂS’Zg

1 _
) eXp {—2(z - “t\s,Zf)IEt\sl,Zf (2 - “ts,Zg)} '

ft|57zf(z) =

(4.5)
In the limiting case s = ¢, set f_ ,6(2) :=d,5(2), where d 5 is the m-dimensional

Dirac delta function positioned at Z”.

Formalisation of (Z;),cr., as a Markov process

Denote by €2 the underlying sample space, equipped with the o-algebra F generated
by the standard Bm (B;)icg on the real line, and the filtration F; = o((Bs)s<t)-

Consider the process Z = (Z;)icr., Where, for each t € Ry, Z; is the function
Z; : Ryp x Q — R mapping (5,w) — Zt’B(w). Theorem 4.1 implies Z is continuous
in 3, so for fixed w, (Z;):cr., takes values in C(0, c0), the set of continuous functions
on (0,00). The notation Z,(3) := Z will be used to emphasise that Z; is a function
of 3, with the dependence on w implicit.

Let &£ be the o-algebra on C(0,00) generated by so-called cylindrical subsets
which have the form

s

{h € C(0,00) : h(B;) € E;}, where ; € Ry, E; € B(R)V j € Ng,,, (4.6)

1

J

and m € N can depend on the subset. The vector 8 = (51,...,0n) € RZ, we will
call the grid of the cylinder.

Following Definition 2.5, we wish to construct a family of probability measures
{Psy]s€Rs0,9g€C(0,00)} on F such that (Z, F;, P, ) is a Markov process. For
brevity, we will restrict ourselves to constructing such measures P ;, only on sets of the
form {Z; € E} for some E € &£, and adopt the shorthand Py, 4(F) := P, ,({X; € E}).
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As a starting point, we will explicitly define a narrower class of probability measures
Pﬁs , on cylinders with the grid B.

Fix arbitrary s € Ry, g € C(0,00), and let E be a cylinder with grld B. Using
the multivariate Ornstein-Uhlenbeck framework, the probability P, ‘ (E) can be

defined as follows:

j=1

—P({Z/ € Bix--- x B, | 2° = ¢°}) (4.7)
= ft|s,gﬁ (Z) dz

F1XXEm

P (E) Y tlsg(mhecw o) : w]-)eEj})

where ¢g? = (g(81),...,9(Bm)) and fijs.,g8 is the transition density for the finite-

dimensional multivariate Ornstein-Uhlenbeck process described in Equation 4.5.
Having defined the probability measure P[r on the finite-dimensional cylinders

of the form (4.6), we can extend it to all sets £ € £ using the Kolmogorov extension

theorem (KET). The following statement is modelled on that given in [47, Thm.2.1.5].

Theorem 4.2 (Kolmogorov extension theorem). Let B be an arbitrary index set, and
{P?| b= (by,...,by) € B, m €N} be a family of probability measures on R™ (m
depends on the measure) satisfying the following two consistency conditions:

i. For all sets E; € B(R), i € Ng,,, indices b € B™, m € N, and permutations m

of {1,...,m},

P(ln ..... bm)/(El X e X Em) — P(bn-(l) ----- b"(m))/(Ew(l) X eee X Eﬂ(m))

ii. For all sets E; € B(R), i € Ng,,, and indices b € B™* m k €N,

P(bl ----- bm)l(Elx...XEm):Pb(Elx--.XEmXRk)-

Then there exists a probability space ( ,F, P) and a stochastic process X : BxQ — R
such that for all indices b= (by,...,by) € B™ and sets E; € B(R), i € Ny,

P(Xy, € E\,....X,, €E,)=PP(E, x-xEp).

For arbitrary fixed s,t € Ry, g € C(0,00), the set { Hs.g - :B€R™ meN}isa
family of probability measures on R™. From the explicit formula (4.7), it is clear that
the family satisfies condition (i) because of the invariance of the integral and density
under permutations of ((5;, E;))™,, and (ii) because integrating the density over R
with respect to particular 3; simply returns the marginal density for the remaining
elements of 8. Thus, by the Kolmogorov extension theorem, there exists a probability
measure Pt‘s g and process—namely (Ztﬁ )ger~,—Wwith finite dimensional distributions
specified by P, . for each B € R™.

We can now prove the following.
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Theorem 4.3. (Z, F;, Ps ) is a Markov process.

The proof requires that the four conditions in Definition 2.5 are satisfied. Condi-
tions M1-M3 are satisfied, but quite technical. In the interest of readability, only
the proof of the Markov property M4 is included in full, while brief comments are
made about M1-M3.

M1 The random variable Z; :  — C(0,00) is defined as a measurable function
of (Bs)s<t, which is Fi-measurable by the definition of F;.

M2 Using the explicit form (4.7) for Pti7 ,(E) on cylinders E' with grid 8, the

function for general E' can be constructed by taking limits and compositions of
measurable functions.

M3 The event {Z; € C(0,00) \ g} is a subset of the event F := {Z! € R\ {g(1)}},
and the probability P ,(E) = 0 because it is defined as an integral over a Dirac
delta function on a domain which excludes the point at which the integrand
has mass.

Proof of the Markov property (M4). Take arbitrary g € C(0,00), set E € &, and
times r, s,t € Ry such that r < s < ¢. Since

P.z.({Z; € E}) = P.,({Z; € E|Z}),
the condition M4 that

Py({Z; € E|Fs}) = Poz,({Z; € E}),

is equivalent to the condition that Z;|F; 4 Z;|Z; under all probability measures P, .

We note that the cylinders form a 7-system, and recall that probability measures
that agree on a m-system will agree on the o-algebra generated by that m-system.
Thus it is sufficient to show that P.,({Z; € E|F,}) = P.,({Z;, € E|Z;}) for all
cylinders E. On such cylinders with (arbitrary) grid 8, this is equivalent to showing
that Z2|F, £ 79| Z°.

This can be shown expediently using characteristic functions together with (4.4).

.7-“3} =E [exp {z’w’ (ediag(ﬁ)(tS)Zf + /t e dieB)-uy dBu>} ’}—s}

. t .
= exp {ia:’ (fdmg(ﬂ)“*s)Zf)} E {exp {z’az' (/ e~ diae(B)(t-u)q dBu>} ‘}"S]

S

. t .
= exp {iw’ (e_d'ag(ﬂ)(t_s)Zf)} E {exp {iw' (/ e gty dBu>} ‘Zf}

_E [eXp {m/ <€—diag(ﬁ)(t—s) Z8 4 / ' —dimgB)-0 g Bu)} ’ Zf}

Zf} .

: B
iz’ Z}

E |e

—FE 67Lw’Ztﬁ

For the third equality, we used the fact that the random variable in the expecta-
tion is independent of both F, and Zf. Characteristic functions completely specify
their corresponding distributions, so Z? | Fs 4 z? |Z?, and hence the probabil-
ity P.g({Z; € E|\Fs}) = Poz.({Z; € E}) forall E € £. O
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4.3 Long-range dependence

For each 8 € R, the Ornstein-Uhlenbeck process (Ztﬁ )teRs, is short-range dependent.

How does long-range dependence arise in Ef , a weighted integral over short-range
dependent processes?

In this section this phenomenon is investigated by looking at the presence of
long-range dependence in the integrand(s) of Ff for fixed 5 € R+q, and in the limits
as 0\, 0 and § — oo. As a starting point, we restrict our analysis to the random
field Ztﬁ . For this we will need two useful facts.

First, let us compute the covariance function of the random field Ztﬁ . For parame-
ters o, B € Ry and s,t € Ry such that s < ¢, the covariance of Z¢ with Zf is given
by

EzgzﬁzE[/s ‘a(S“dB/ t“dB]

s s t
— efasfﬂtE |:/ eau dBu (/ eﬁu dBu +/ eﬁu dBu):|

s s (4.8)
— | " ean, [ evdb,|
— efasf,Bt /s (a+B)u Uy = 1 675\t75|.
—00 o+ ﬁ

Second, we will require the value of a constant appearing in a mean value theorem-
type formula for the function x — e=%%. Specifically, for all z € R,

e_ﬁx _ 6_/8($_1)

r—(x—1)

1
3 [log(e” — 1) — log(8)] . (4.9)
Note that 65 is independent of z, strictly increasing as a function of 8 and takes
values in the interval [0, 1].

Now, using the initial equation in (4.9) three times, the autocovariance of the
increment process (Z2 — Z7_|)nen can be obtained:

_ _ﬁe—ﬁ(x_eﬂ) —_— 96 _

5(n) = B (211 = Z)(Z) - Z4)| —ElZ], - Z]E(Z] - ;)
— B2\ 720 —E2°7) ~BZ° 75 + B2 7]
@8 1 1 g -B-1) _ (p=Bln1) _ =pn
B 25[ — e ~ (e —e )]

(4.9) ——ﬂe (265—n—1)

We can now see that

00 1 (205-1)8 00 _pm 1 62(0571)B
> |vze(n)| = 556 > ()= 5671 " < 00, for all § € R,
=1 n=1

which implies (Zf )teks, is short-range dependent for all § € Ry (Definition 2.4).
Since the increments of (Zf )teRs, are pairwise jointly Gaussian, the limiting increments
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as £\, 0 and g — oo will also be pairwise jointly Gaussian with covariances given
by the limit of the covariances of the approaching sequence of increments. Thus, the
limiting process as § \, 0 is short-range dependent because yzo0(n) = 0 for all n € N.
The limiting process as  — oo is also short-range dependent, because

1
li = lim —=pef@sm-b = for all .
Jim vz (n) Jim 266 0, orallneN

On the other hand, the autocovariance function for the increments of the integrand
in B, which we will denote 7y 4 is, in the case H € (0,1/2),

yup(n) =B [B7 (20, — 20)7 (2] - 75))
o 1. _ -
_ ﬁ 2H 1,.>/Z[3 (n) _ _55 2H€,3(295 1).

A longer calculation is required in the case H € (1/2,1), but the resulting expression
differs only by a factor of —1. That is,

1
[y p(n)| = o722 for all H € (0,1/2) U (Y2,1), B € Rxo.
It is easily checked that g g is absolutely summable for all 5 € R, so the process
specified by the Muravlev integrand is short-range dependent for all such 3. Similarly,
the autocovariance vy g(n) — 0 as § — oo for all n € N, so the corresponding limiting
process is also short-range dependent. However,

éi{‘r(l) v 5(n)| = oo, for all H € (0,12) U (Y/2,1), n € N,
so the limiting process will be long-range dependent for all such H.

These calculations suggest that the long-range dependence of the Muravlev integral
representation of fBm originates from the portion of the integral near § = 0. This fits
with intuition, because such § correspond to Ornstein-Uhlenbeck processes (ZtB )teRs,
which have only small speeds of mean reversion. In contrast, for large (3, the processes
(Ztﬁ )icks, experience much stronger mean-reversion, and so will ‘forget’ their past
more rapidly.

Of course, fBm is only long-range dependent for H € (1/2,1), so the extra weight
given to the processes (Zf )ters, With small 3 parameters by the factor of B2 H ip
the Muravlev representation appears to play a crucial role in determining whether
the integral process (Ef{)te]g>0 displays long-range dependence. However, it is not
clear how to compute the autocovariance function yzu.

Existing approximation schemes for fBm often fail to capture long-range depen-
dence (see, for instance, [8, Sec. 2.2.3]). If the long-range dependence of the Muravlev
representation for H € (1/2,1) can indeed be isolated to the portion of the integral
near J = 0, then it may be possible to construct a process approximating fBm which
displays the correct long-range dependence behaviour by using the truncated interval

b
6H/O 5_1/2_H(Zt6 — Zoﬁ — By) dpg, for some b € Ry.



Chapter 5

Helix transformations

Using the general definition of a helix stated in [23, Ch. 10.5], a fractional Brownian
motion can be viewed as a helix in L2. This fact is not new — Kolmogorov acknowl-
edged it by referring to fBm as the ‘Wiener spiral’ [25]. Nonetheless, it provides
useful geometric intuition for the process. In this chapter we demonstrate that the
transformation of an fBm from one Hurst parameter to another can be viewed as a
manipulation of this helix.

Definition 5.1 (helix). Let H be a real or complex Hilbert space and X : [0, 00) — H
be a parametrised curve in H. We say X is a heliz in H if for all s,t € [0, 00),

1(t) = X (s)3 = w(It - s)),
for some function . That is, if || X () — X (s)|| depends only on |t — s|. The function
1 is called the screw function.
Definition 5.2 (helical process). A helical process is a stochastic process which is a
helix in L2

Since ||BE — BE||;2 = /E|Bff — BH|2 = |t — s|", the fBm (B);>¢ is a helical
process with screw function ¢ (+) = -2H.

By definition, a process is helical if and only if it has weakly stationary increments.
The form of the screw function can play a role in determining other distributional
properties. For example, in the context of Gaussian processes, we have the following
theorem.

Theorem 5.1. Let (X;)i=0 be a Gaussian helical process with mean zero and Xy = 0.
The process X, is self-similar if and only if its screw function ¥x (1) = at® for some
a, be R>0.

Proof. First assume (X};);>0 is self similar. Then for arbitrary ¢ € R, s,t € Ry,
Vi (et — 5)) = B[(Xo — Xo)?] = E[(¢"X, — "X,)%] = *Pi(t — ),

and taking ¢t — s = 1 we see that ¥ x(c) = ¥x(1)c’, the required form.
The reverse direction follows because, assuming the screw function has the required
form, we have

E((Xa — Xe)’] = % (c(t - 5))
— c2ba2(t o S)Qb
= Yt (t —s) = B[(" X, — " X,)?).
30
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Now take s = 0, and use the polarisation identity together with the weakly stationary
increments property that E[(X; — X,)?] = E[X?2 ] to recover the covariance functions

for (Xe)ier,, and (cbXt)t€R>0. That they are the same, together with the fact that

. o d
both are mean-zero Gaussian processes, implies (Xt )ier., = (cbXt)teRZO, 50 (Xi)ters,

is self-similar. O

Though proved independently, the above theorem is a variation on the result
that a self-similar Gaussian process with stationary increments is an fBm, see [52,
Def. 2.6.2].

Further discussion of helices in the context of stochastic processes can be found
in Masani [33], along with references to earlier work by Wiener, Schoenberg, von
Neumann and Kolmogorov.

5.1 Discrete time

In this section we review how the increments of an fBm with Hurst parameter H may
be transformed into the increments of an fBm with Hurst parameter K # H by using
the Cholesky decomposition of relevant covariance matrices, and then prove that this
transformation is equivalent to geometrically manipulating a discretised helix.

5.1.1 Transformation via Cholesky factors

We say a matrix L = [{};]3 ;= € R™™ is lower triangular if all entries strictly above
the major diagonal are zero. That is, if £; ; = 0 for all £ < j. The set of elements
corresponding to k > j are the lower triangular elements. Recall the following
theorem.

Theorem 5.2 (Cholesky decomposition). If matriz A € R™" is symmetric and
positive definite, then there exists a unique lower triangular matriz L € R™™ with
positive diagonal entries such that A = LL'.

A proof can be found in [14, Thm. 4.2.7]. If A = [ay;]} ;—;, the elements of its
Cholesky factor L = [(4;]; ;—; can be computed using the following two formulae.

k-1
Cege = A Ok — Y L34, for k € Ng,, (5.1)
i=1

1 = ,
gk,j = 7 (ak,j — Zf}m&ﬁ) , for J € N<k. (52)
=1

DJ

Two rudimentary algorithms are based on these formulae [44, Sec. 3.1.5]. The
Cholesky-Crout algorithm first computes L, ; and proceeds column-by-column, the
Cholesky-Banachiewicz algorithm also starts at L; ; but proceeds row-by-row. Due to
the large number of square root operations required, both algorithms are quite slow.
However, in the context of decomposing the covariance matrix of a random vector of
fbm increments, we will see that they have an elegant geometric interpretation.
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Theorem 5.3. Let H € (0,1), and the random vector BY be the first n adjacent
length-A increments of an H-fBm. That is, for an H-fBm (Bf)teR>0,

H_ (pH H\ ._ (pH H n

B" = (Bf)),....,B{,)) = (B/A—Bli_1a),_,-

Choose any K € (0,1)\{H}. There exists a lower triangular matriz Ly, g such that

the elements of L. yBY L BX are the corresponding increments of a K-fBm.

Proof. We will construct Lx. . The vector B*" is a multivariate normal random
vector with mean 0,, and covariance matrix Xy = [0%(k, )] j=1, Where

ok, j) = E | BB}
AQH

2
is the covariance for the increments described. From the Mandelbrot-van Ness repre-
sentation of fBm in terms of standard Bm, it can be seen that no linear combination
of the elements of BY will be degenerate, because each of the disjoint increments of
Bf can be written as a sum which includes noise term which is independent of all

preceding increments. Thus, X5 will be non-singular and (strictly) positive definite.
Let Z ~ MVN(0,, I,,) and Ly, z be the Cholesky decomposition of . Then it

holds that B £ [, e zZ. Recall that the determinant of a lower triangular matrix is
the product of the entries on its major diagonal, and that the inverse of a non-singular
lower triangular matrix is also lower triangular. By Theorem 5.2, Ly, 7 has positive
diagonal entries, so has lower triangular inverse Lz, g := L;ﬁ_ 2. Finally let Lx, z
be the Cholesky decomposition of . Then

(k=5 = 1" + |k — j + 12 — 2]k — j[*7)

LiczlzenB" £ L gLz ylyczZ = Ly zZ < BY

SO L= L. zLz g is the desired matrix. O

Discretised helices

Due to the fractal nature of fBm sample paths, they cannot be simulated with perfect
resolution but only on a finite set of time parameter values. What helical properties
are preserved in such a discrete-time process?

The angle in L? between two random variables X and Y is the inverse cosine of
their correlation, because the identity (x,y) = ||x||||y|| cos @ yields

(X, Y )2 > ( EXY )
0r2(X,Y) :=arccos | ——————— | = arccos | ——— | .
w2 (HXHLQHYHLQ VEX?EY?

Let (X¢)i>0 be a mean-zero Gaussian, self-similar helical process with X, = 0.
Observe X; at discrete times {kA}gen for some A > 0. From Theorem 5.1 and the
polarisation identity we see that

1
EX. X, = g (EX? + EX? - E(X, - X,)?)
a2 (5.3)
=5 (s2b + % — |t — s|26) )
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Thus the covariance between the observed increments

E[(Xka = Xe-1a)(Xja = X-1)a)]
= EXinXjan — EXpaXi—na — EX_paXja + EX(i—n)aX(j—1a
a2 Azb
— (k=G = 1P+ [k —j + 11 = 2[k — j|*)
2

depends only on the distance |k— 7|, and consequently the L? angle between increments
also depends only on |k — j|. Perhaps a discrete, self-similar, helical process can be
characterised by the property that the L? angle between disjoint increments depends
only on the time-distance between them.

All the assumptions in the above computations hold for fBm. Figure 5.1 shows
how the angles between fBm increments vary as a function of the Hurst parameter H.
Intuitively, disjoint increments are parallel for H = 1 and orthogonal at H = 1/2, but
there is some subtle behaviour as H 0.

(5.4)

Correlation L? angle
[ o [
I{|—e=0.01 : S .
---e=0.00 _
Tl |
E =
—e=0.01
_% L \/ | | i 0 i 7\77 ‘- 000 | | i
0 1/2 1 0 1/2 1
H H

Figure 5.1: The correlation and Lo angle between two increments of an H-fBm, as a
function of H. The increments have unit length and are separated by distance e. The
relevant correlation is given by p(H;e) = 3 (€2H + (24 )27 —2(1 + e)QH), and angle by
0(H;e) = arccos p(H;e€). Note that not all correlations p € [—1, 1] can be obtained, and for
the € = 0 case, when the increments share an end point, p - 0 as H 0.

To transform the increments B of an H-fBm into those of a K-fBm, we will see
that it is sufficient to rotate all the increments in L? such that all pairwise L2-angles
are as required for increments of a K-fBm, and then rescale the increments so that
each has the required L*-norm (standard deviation). The following definitions, taken
from [19, Def. 1.2,1.18], establish a structure that will facilitate this transformation.

Definition 5.3 (Gaussian Hilbert space). A linear subspace G of L%(2, F,P) is a
Gaussian inner product space if each element of G is Gaussian and has mean zero.
If G is complete, it is called a Gaussian Hilbert space.

Remark. The closure in L? of every Gaussian inner product space is a Gaussian
Hilbert space, so we will only work with Gaussian Hilbert spaces hereafter.
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Definition 5.4. A Gaussian Hilbert space indexed by a (real) Hilbert space H is a
Gaussian Hilbert space G together with a specific linear isometry & : H — G which
maps h — &,.

For our purposes, we take G" = span({Z1,...,Z,}) to be our Gaussian Hilbert
space, where Z = (Z1,...,Z,) ~ MVN(0,, I,,), and span(...) denotes the closure of
the linear span of a set of vectors. The space G" can be indexed by R", with the
isometry & : R™ — G™ given by

g(xl,...,zn) = lel 4o+ ann

Remark. Since Zy, ..., Z, form an orthonormal basis of G", each vector € R" is the
coordinate vector for the corresponding random variable &, € G".

[sometries preserve angles, so instead of working with random variables in G" we
can instead work with their vector-valued indices in R™. This perspective allows us
to reinterpret the Cholesky factor Ly, z found in proof of Theorem 5.3. Namely, the
rows of this matrix are the coordinates of the increments of an H-fBm in G".

Let L™ = [l |5 ;=1 € R™" be a lower triangular matrix such that /;; = 1 for
all k > j. Then L"Ly. zZ is a random vector of the values of an H-fBm on a grid
t = kA, for k € Ng,,. Accordingly, the rows of L"Ly. 7 are the coordinates in G"
of the values an H-fBm takes on the same grid. The dimensionality n will be large
for any reasonable approximation to a continuous-time fBm, so the discrete helix
cannot be visualised directly. However, we can gain a sense for it by performing
dimensionality reduction via principal component analysis. Briefly, the method used
is:

1° Treat the rows from the matrix L" Ly, z as a sample of points in R™. Subtract
their mean to centre the sample.

2° Compute the normalised eigenvectors of the empirical covariance matrix of the
sample.

3° Project the sample onto the 3-dimensional subspace spanned by eigenvectors
corresponding to the three largest eigenvalues, ie. onto the three most significant
principal components. The images of the points under this projection form a
new sample in R3.

4° Plot the new sample, interpolating between points corresponding to adjacent
points in the trajectory.
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Figure 5.2 shows the result of this approach for n = 1000, A = 1/n, and a range
of Hurst parameter values.

H

0.8
0.6

0.4

0.2

Figure 5.2: The projection onto the first three principal components of the sequence of
elements in R (the rows of L" Ly, z) that index the random process values in G100
taken by an fBm at points ¢t = 0.001k, for & € N¢jgoo. Both plots are of the same objects,
from different viewpoints. Curves are plotted for

H € {0.0001,0.001,0.01,0.1,0.2,0.3,0.4,0.5,0.6,0.7,0.8,0.9,0.99,0.999, 0.9999 }.

All sequences of indices for H < 1 show helical structure. The helix becomes more tightly
coiled as H \, 0—corresponding to obtuse angles between increments when H € (0,1/2)—
and relaxes into a line as H * 1—corresponding astute (and decreasing) angles between
increments for such H.

5.1.2 Transformation via helix manipulation

Given that each Cholesky factor in the proof of Theorem 5.3 is unique, it follows that
a geometric approach—where each increment of an H-fBm is sequentially rotated
and rescaled such that the resulting random vector forms the increments of a K-fBm—
must produce the same result. Here we give a more precise statement and explicit
proof of this fact.

Let L kg € R™™ be the linear transformation representing the above-described
geometric procedure.

Theorem 5.4. The matrix ZOLKHH is equal to Ly i, the matrix constructed in the
proof of Theorem 5.3 via Cholesky factors.

Proof. We will construct L KeH ([O/, hereafter) by geometric arguments and show that
it is equal to L. . Without loss of generality we can assume that H = 1/2, because
all other cases can be constructed as the composition of a transformation of this form
with the inverse of a transformation of this form.

Let eq,...,e, be the standard orthonormal basis of R™ corresponding to our
orthonormal basis &, = Z;, i € Ng,, of G". We wish to construct a matrix L such
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that ) )
LB £ [(AY*Z) ~ MVN(0,, Zx).
The i-th element of the column vector A72Z is the element of G indexed by the
vector A?e; € R”. Since we are modifying each increment sequentially, based on

conditions involving only the preceeding increments, L will be lower-triangular, and
we will construct it row by row. The setup is as follows.

Denote by £, the i-th row of L. Tnitialise io € R™™ to be the zero matrix.
For k € Ng,, denote by L the partially constructed matrix L of the form

e

o [A]OT] | 2

Lklool o (5.5)
. 0 ]

where A, € R¥** is a top-left square submatrix of L.
We require the vector AY2¢, € R to be the vector index of the element of G”
which satisfies both [|{y12, [l2 = AF and

o (i, k)
K (D)ox (k)

But ¢ is an isometry and ok (i) = AX for all i € Ng,, so the conditions in (5.6) can
be rewritten in terms of the standard Euclidean inner product as

ok (i, k)

A Y
For k = 1, this condition is easily satisfied by setting £, = AX~"2e;. If we denote the
elements of £; by £; = (¢;1,...,0;,), then, conditioned on knowing £; for all i € Ny,

the elements ¢y 1, ..., r—1 of £; can be calculated by solving the following system of
linear equations which codifies the conditions (5.7):

Or2 (gAl/%,fAl/gek) = arccos ( ) , for i € N_y. (5.6)

<£lv£k> =

for i € Ny. (5.7)

€k71 O‘%((k’, 1)

1

Ak :Z

gk,kfl O'%(k), k — 1)

Because Ay is lower triangular, the solutions have a recursive closed form given by

1 (o5(k Iz ‘
gk,jzgm ( K j ngz ]1)7 fOI']GN<k,
757

and the diagonal element /j ;, can then be calculated by

Uhg = \l aic(k, Zé,“, for k € Ng,,
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which simply ensures that [[§x12, |22 = AK . The second formula also works for our
initial value of ¢; ;. But then, these are exactly the standard formulae 5.1 and 5.2 used
for computing the Cholesky decomposition of A='X . Thus, L is lower triangular
and equal to the Cholesky decomposition of A=Y, or equivalently, L=A""L KeZz
where Ly, z is the Cholesky decomposition of Y.

But by the construction of Lk, 1/, in the proof of Theorem 5.3, we know that

1 1
LKel/2 = LK(—ZLZ<—1/2 = LKeZ(Alh [n) = INE LKeZ-

Thus IO/K<_1/2 = LK<_1/2. ]

5.2 Continuous time

It is plausible that the linear transformation described in the previous section may
approach some limiting, continuous-time transformation as the spacing of the grid
on which the fBm is discretised approaches zero. In this section, the discrete-time
transformation developed in the previous section is numerically compared with the
continuous-time Molchon-Golosov representation (Theorem 3.2), which has a similar
structure.

Molchan-Golosov representation

Let T € Ry and (By)icpo,r) be a standard Bm on the compact time interval [0, 7.
Recall that for ¢ € [0, 7], the Molchan-Golosov representation (B/);cjo.7] of an H-fBm
is given by

N t
B = [ Guls.t) B, (5.8)
0

where the integrand

Gur(s,t) = eu(t — )", F, (1/2 — HH = H 41, t)
depends only on the parameter of integration s and the upper terminal ¢t. Thus
(5.8) transforms a standard Bm on the compact time interval [0, 7] to an H-fBm on
the same interval, and for every t € [0,T], the value Bf! of the fBm depends only
on (By)sepo. This is a ‘lower triangular’ structure similar that of the discrete-time
transformation constructed using Cholesky factors in Theorem 5.3.

To compare the two, we need to discretise the integral process in (5.8). Taking
T =1, constants n,m € N and A := 1/n, we will use the following grid of points on

the unit interval.

1 2 n—1
0 n n n 1
| E—— — —] -+ —]
- _

~
m increments
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For the remainder of this thesis, we will assume that (B;):ck., is the standard Bm

~

driver of (B),cr.,, and adopt the notation:

—~

B" - (Bl - Bi_ya),_,» and B = (Bjam — By 1am)

nm
j=1
Note that the increments B of the standard Bm are taken on a finer grid than those

—H
of the resulting integral transformation, B . The It integral in equation 5.8 is
defined as the limit of the It integrals of simple functions, so

— kA (k—1)A
il — 1A AS;
zZIGH<(] m) + zn;l,kA)B(j)
]:
J ) 51 >
- — DAk —-1))By;
j; GH( m 2m’(k JA(k=1)) B
o (Gj—DA A4,
_ J 71 )
= A
Z {GH< m + 2m ok

[y

<

— 1A AY;

S (k= DA < (k= Dm)| B,

—H
and thus B can be approximated by a linear transformation of B. Specifically, if
we construct a matrix Ly i, = [(rj]ken., jene,,, € R™™" such that

EELEELTRN
m 2m

G-Da Ag,
m om’

—GH< (k — 1)A>1(j < (k—1)m)|,

for k € Ngn,j S Ngmny

then EH ~ EH<_1/ZB. In the m =1 case, ZH<_1/2 is square, lower triangular, and
analogous to the discrete time transformation matrix Ly, 1.

The extra term (Ad;1)/2m, where ;1 is Kronecker’s delta, is required to avoid
the case when the first parameter of G is zero, which would require division by
zero. This inelegant fix means that the sum is no longer of the form used in the
construction of the It6 integral, but because the extra term is only non-zero for j = 1,
the discrepancy is negligible in the limit as n — oo.

5.2.1 Comparison of transformation matrices

In this section, we will assume that m = 1, so that the matrices EHH& and Ly,
have the same dimensions. It does not appear easy to analytically compare the
elements of these matrices. The elements of Ly, 1/, are defined recursively as functions

of the elements of Xy via (5.1) and (5.2). In constrast, the elements of EH<_1/2 are
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defined as linear combinations of particular values of the Gauss hypergeometric
function. Nonetheless, numerical investigations suggest that they appear to approach
each other in the limit as n — oc.

Figure 5.3 and Table 5.1 describe the distribution of the absolute relative differences
between the lower triangle (non-zero) matrix elements of f/H<_1/2 and Ly, for
several values of n and H. That is, for EH<_1/2 = [Zk,j]z,jzl and Ly = [l j—1,
the distribution of elements in the set

{

We emphasise that the elements in such sets are deterministic.

For all H, both the mean and standard deviation this set of absolute relative
differences between the non-zero elements of the two transformation matrices appears
to approach zero as n — 0o, though the convergence is faster for larger H.

Crj — Ui

for j,k € Ng, andk}j}.

k.j

5.2.2 Comparison of simulated paths

A second approach to comparing the transformation via Cholesky factors with the
approximation to the Molchan-Golosov integral representation is to compare, for a
given B, their resulting trajectories. Allowing B to be random, we can then generate
a sample of trajectory discrepancies.

In particular, we are interested in whether the approximate sample trajectories
generated via the Cholesky factor method approach the ‘true’ H-fBm Ef generated
by the Molchan-Golosov representation.

It is not possible to simulate a Bm in continuous time, so we cannot compute the
values taken by EtH exactly. Nonetheless, since we are viewing it as a candidate for a

limit, it is important that we approximate L”EH as well as possible. Unfortunately,
Eﬁ is a Volterra process—not an [td process—because the integrand Gy depends
on the upper terminal of integration ¢. As a consequence, standard approaches to
approximating It integral processes, such as the Euler-Maruyama method, cannot
be used. o

A rudimentary approximation to L" B is given by

an\/H<_1/2B

Here, the L 1, has the dimensions n X nm and B has dimensions nm x 1. We can
improve the approximation by increasing m and, moreover, estimating the limiting
value of the vector L"EH<_1/QB as m — 0o.

Fix m = 4, and define the matrix

D™ = [dijlken_ ~ jenc,, € R, where dy; = 1((k — 1) < j < ki),

to be a generalised diagonal matrix which ‘pools’ the increments in B such that
D™ B has dimensions nm x 1. Then, for a given B, we can compute

L”EZZZ/QD”WB, for m; = 27", i € Ng,
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a sequence of increasingly close approximations to L”/BH corresponding to m; = 1,
my = 2 and m3 = 4. In the above expression, the transformation matrix E?I:ﬁl ), 18
labelled with an m; to make clear that it, too, depends both on n and m;, the latter
of which is substituted for m in the definition (5.2).

Using this length-3 sequence of approximations, we can employ Richardson’s
extrapolation to estimate the limit as m; — co. To do so, we assume that there exists
an expression of the following form for each approximate process value of E{{ in the

vector L™ LT 1, B:

~

nTnN,M;  Mynm; ) ai D) 1
(L LH<_1/2D B)(k) :Blgn—i_g—i_ﬁ—ko(m ), for m; GN,]{JGNgn. (59)

? 7

3

Then, ignoring the asymptotic error term O(1/m?), we can solve the system of three
linear equations described by (5.9) for the unknowns a;, ay and B,ﬁn, the last of

which gives an estimate Bgn’mchardson for the true value Ef/n which is approached as
m; — 0o. The notation

~

—~H ~ ~
_ H H n H -
BR - (Bk/n,Richardson o B(k—l)/n,Richardson)k:I? BO,Richardson T O?

will be used to refer to the vector of the limiting increments.
It is not clear whether the assumption (5.9) holds, but in simulations the sequence
of approximate trajectories constructed via Cholesky factors (details below) does

n,m

~H ~
appear to approach L" By marginally more quickly than it does L"L;,", /2B .

—H
Take n = 1000. Having constructed an approximation to L"B |, we can now set
up the sequence of approximated trajectories computed using Cholesky factors that
are speculated to approach it. In our simulations, these correspond to the sequence
of vectors:
L™ Ly, ,D"B,  n;y=125x 27" i€ Ng.

Each such vector gives the values of an H-fBm at a grid of n; points within the unit
interval, where ny = 125, ny = 250, ng = 500 and ny = 1000. The transformation
LT;Il'(_l/Q is labelled with a n; to make clear that it, too, depends on n;, which is
substituted for n in the construction given in the proof of Theorem 5.3. In other
words, each vector L™ LY, , ,,D" B gives the values of an H-fBm on the grid t = k/n;,
k € Ng,,, constructed from the vector of Bm increments B using Cholesky factors.

Note that the length of this vector will be different for each n;, so we will take
the final element in each vector, corresponding to the value of an H-fBm at ¢t = 1, to
be the single point at which we compare trajectories. Differences in the size of each
simulated increment tend to accumulate, so the discrepancy at t = 1 is generally the
largest observed over the interval ¢ € [0, 1].

Table 5.2 describes the distribution of the sets

{|(L”§g)(n) — (L™ LYy, ,,D" B)y,| for 20 realisations of B} :

for a range of values of H and the sequence of n; introduced above. That is, the
distribution of absolute differences between the simulated value of an H-{Bm at time
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t = 1 transformed from B using the Cholesky method, and the approximate value of
the E{{ driven by the same Bm.

For most values of H, both the mean and standard deviation of the absolute errors
appear to decrease towards zero as the number of increments ny; increases, though
convergence slows as H nears 0 or 1, and was not observable in samples of this size
for H € {0.01,0.99}. Given that convergence can be seen for all other values of H,
this lack of convergence appears likely to be an artefact of the relatively small sample
size. The slowing of the rate of convergence as H diverges from 1/2 may intuitively
be expected due to the increased roughness of the process for H near 0 and, for H
near 1, the fact that near-straight trajectories will tend to compound errors.

An example of the sample trajectories obtained using, respectively, the Cholesky
transformation and the Richardson extrapolation approximation to the Molchan-
Golosov integral, is presented in Figure 5.4, overlaid on the shared Bm driver.

These numerical results suggest that the discrete-time transformation via Cholesky
factors converges to the continuous-time Molchan-Golosov integral representation,
and thus that the analogous geometric intuition for the transformation (namely, the
contortion of the fBm helix) applies in the continuous-time case.

Code used for the numerical results in this section can be found in the appendix.
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Chapter 6

Conclusion

This thesis aimed to build insight into two integral representations of fractional
Brownian motion.

First, the derivation of the Muravlev representation [43, Cor. 1] from the Mandelbrot-
van Ness representation was presented in detail. The random Gaussian field ZtB ap-
pearing in the integrand was proven to be smooth in the § direction. A multivariate
Ornstein-Uhlenbeck process was introduced and used to define transition probabilities
for the C(0, 00)-valued process (Z;)icr., explicitly on cylindrical subsets of C'(0, 00).
The Kolmogorov extension theorem was used to extend the probability measures
to the cylindrical o-algebra. In this setting, we proved that (Z;)cr., satisfies the
Markov property. Viewing the integrands in the Muravlev representation as stochastic
processes in time, long-range dependence was shown to arise in the limit as £\, 0,
but not as § — oo. Consequently, it was conjectured that one could construct
an fBm approximation scheme based on the Muravlev representation that would
exhibit long-range dependence by truncating the integral to the interval [0, b] for some
finite b € Ro.

Second, the perspective of fBm as a helix in L? was introduced, and it was noted
that the L?-angles between disjoint increments of an H-fBm are acute for H € (0,1/2)
and obtuse for H € (1/2,1). It was conjectured that, for H, K € (0,1), one could
transform increments of an H-fBm to increments of a K-fBm by iteratively rotating
and rescaling each increment in an appropriate space. Finite-dimensional Gaussian
Hilbert spaces indexed by R™ were introduced for this purpose. It was shown that
such a geometric procedure is mathematically equivalent to performing the same
transformation of the random vector of increments via premultiplication by a lower-
triangular matrix constructed using Cholesky factors, thus proving the conjecture.
It was then observed that the Molchan-Golosov integral representation for fBm has
an analogous lower-triangular structure. Numerical experiments suggested that the
discrete-time transformation via Cholesky factors converges to the continuous-time
Molchan-Golosov transformation, in terms of both the transformation operator and
the resulting trajectories. Such convergence indicates that the Molchan-Golosov
transformation can be understood geometrically as a constriction or relaxation of the
fBm helix.
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Appendix

Simulation of Ztﬂ

A collection of Wolfram Language functions for the simulation of the random field Zf
from the Muravlev representation. These were used to generate the sample surface
plotted in Figure 4.1.

CovarianceMatrix[min_, max_, step ] := Table[
1/ (i+73),
{i, min, max, step},
{j, min, max, step}

15

g[min_, max_, step_] := RandomVariate[
d = MultinormalDistribution[
Table[O@, Ceiling[ (max - min) /step]],
CovarianceMatrix[min + step, max, step]],

11001173

Plot&[min_, max_, step ] := ListLinePlot[
Transpose[ {Range [min + step, max, step], £[min, max, step]}]

15

Z[{tmin_, tmax_, tstep }, {bmin_, bmax_, bstep }] := RandomFunction[
ItoProcess]|
{-Range [bmin + bstep, bmax, bstep] *
Table[z[i], {i, 1, Length[Range [bmin + bstep, bmax, bstep]1]}1],
(» dt coefficients x)
Table[1, Length[Range[bmin + bstep, bmax, bstep]1]1}, (* dB¢ coefficients =)
{Table[z[i], {i, 1, Length[Range[bmin + bstep, bmax, bstep]] }1,
&[bmin, bmax, bstep]}, (» state parameter, initial state x)
t (» time parameter x)

1
{tmin, tmax, tstep}

15

45
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Plotz[{tmin_, tmax_, tstep }, {bmin_, bmax_, bstep } ] := ListPlot3D[
Flatten[

Transpose[
{Table[#[[1]], Length[Range[bmin + bstep, bmax, bstep]1],
Range [bmin + bstep, bmax, bstep]l, #[[2]] }
] &/@Normal[Z[{tmin, tmax, tstep}, {bmin, bmax, bstep}1 1 [[1]],
1] ]
AxeslLabel -» {"t", "B", Subsuperscript[z, t, 3]},
Mesh - None,
PlotTheme -> "Monochrome",
LabelStyle -» Opacity[0]
15

ExportZ[{tmin_, tmax_, tstep_}, {bmin_, bmax_, bstep_}] := Export["Z.csv",
N[Flatten[

Transpose|[
{Table[#[[1]], Length[Range[bmin + bstep, bmax, bstep]]],
Range [bmin + bstep, bmax, bstep]l, #[[2]] }

] & /@Normal[Z[ {tmin, tmax, tstep}, {bmin, bmax, bstep}] 1 [[1]1],
111,

csv
]

Animate& [ {tmin_, tmax_, tstep_}, {bmin_, bmax_, bstep_}] := Animate[
ListLinePlot[
(Transpose[ {Range [bmin + bstep, bmax, bstep], #[[2]]1}] & /@
Normal[Z[ {tmin, tmax, tstep}, {bmin, bmax, bstep}] 1[[11]1) [I[
Round[ (t - tmin) / tstep] +1]1,
PlotRange -» { {bmin, bmax}, {-10, 10}}
] B
{t, tmin, tmax, tstep},
AnimationRunning - False
15

Export& [ {tmin_, tmax_, tstep }, {bmin_, bmax_, bstep_}] := Export]
"betawave.gif",

Table[
ListLinePlot[

(Transpose[ {Range [bmin + bstep, bmax, bstep], #[[2]1]1}] & /@
Normal[Z[ {tmin, tmax, tstep}, {bmin, bmax, bstep}]1 1[[11]) [[n]1,
PlotRange -» { {bmin, bmax}, {-10, 10}}1] ,
{n, 1, Length[Range[tmin, tmax, tstep]]}
]
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Computation of helix transforms

A collection of Wolfram Language functions for the computation and simulation of
the numerical results presented in Section 5.2.

The function CholeskyIncrementTransform returns L"H<_1/2, CholeskyIncrements
returns Ly, ,,D" B, CholeskyProcessTransformreturns L" Ly, ./, and the function
CholeskyProcess returns L"Ly, ,,D"B. Analagously, MgIncrementTransform re-

turns L, ,, MgProcess returns L"Ly;7", ,D"™ B and MgProcessRichardson returns

LBy .

#### covariance of fBm increments ####

AZH
R[i ,7 ,4 ,H] := - (Abs[i-j-11%"+Abs[i-j+1]%"-2Abs[i-j]1?")

IncrementCovariance[n , 4 , H ] := Table[R[i, j, 4, H], {i, 1, n}, {], 1, n}]

#### (standard) Brownian motion increments on [0,1] ####

BmIncrements[n_, 4 ] := RandomReal[NormalDistribution[@, Sqrt[4]], n]

PoolIncrements[B_, n_, m_, maxm_] :=
Table[Sum[B[[i]], {i, (J-1) » (maxm/m) + 1, j* (maxm/m)}1, {j, 1, nxm}]

#### parameter setup ####

n = 1000;

ms = {1, 2, 4};

maxm = 4;

B = BmIncrements [nx*maxm, N[1/ (n*maxm)]];

H=.8;

#### Cholesky transformation #i###

CholeskyIncrementTransform[n_, H_] :=
(N[Sqrt[n]]) *» Transpose[CholeskyDecomposition[IncrementCovariance[n, N[1/n], H]]]

CholeskyIncrements[n_, m_, maxm_, H_ , B_] :=
CholeskyIncrementTransform[n, H] .PoolIncrements[B, n, m, maxm]

CholeskyProcessTransform[n_, H_] :=
LowerTriangularize[Table[1, {i, 1, n}, {j, 1, n}]] .CholeskyIncrementTransform[n, H]

CholeskyProcess[n_, m_, maxm_, H ,B_] :=
CholeskyProcessTransform[n, H] .PoolIncrements[B, n, m, maxm]
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### Molchan-Golosov transformation ###

2xHxGamma[H + .5] *Gamma[1.5 - H] 1
MgConstant[H ] := Sqrt[ *
Gamma[2 - 2 H] Gamma [H + .5]
H-.5 . s-t

MgIntegrand[H , s , t ] := (t-s) *Hypergeometr1c2F1[.5 ~H, H- .5, H+ .5, ]
MgCoeff[k , j ,m , A ,H ] :=Piecewise[{{

0,

J>k%*m

1 {

MgIntegrand [H, N[A/ 2], Axk*m],

Jj=18&Fk =1

3 {

MgIntegrand [H, N[4 /2], Axk*m] - MgIntegrand[H, N[4/ 2], A% (kR-1) %xm],

Jj=18&k>1

3 {

MgIntegrand[H, A% (7 -1), Axkxm],

J> (R-1) xm&& j < kxm

3 {

MgIntegrand [H, A% (j -1), Axkxm] - MgIntegrand[H, 4% (j-1), A% (R-1) *m],

J< (R-1) *m

111

MgIncrementTransform[n_, m_, H_] :=
MgConstant [H] = Table [MgCoeff [k, j, my N[1/ (nxm)], H], {k, 1, n}, {j, 1, n*xm}]

MgIncrements[n_, m_, maxm_, H_ , B_] :=
MgIncrementTransform[n, m, H] .PoolIncrements[B, n, m, maxm]

MgProcessTransform[n _,m ,H ] :=
LowerTriangularize[Table[1, {i, 1, n}, {j, 1, n}]].MgIncrementTransform[n, m, H]

MgProcess[n_, m_, maxm_, H , B_] :=
MgProcessTransform[n, m, H] .PoolIncrements[B, n, m, maxm]

MgProcesses[n_, ms_, maxm_, H_, B_] :=
Table [MgProcess[n, ms[[j]], maxm, H, B], {j, 1, Length[ms]}]

RichardsonMatrix[k_] := {
{1, -1, -1},
{1, -1/ (2*R), -1/ (2" (R +1))},
{1, -1/ (4"kR), -1/ (4" (kR +1))}
}

RichardsonLimit[seq , k] := LinearSolve [RichardsonMatrix[k], seq] [[1]]

MgProcessRichardsonQuick[n_, seqs , k_] :=
Table[RichardsonLimit[seqs[[j]]1, k], {J, 1, n}]

MgProcessRichardson[n_, ms_, maxm_, H_, B _, R_] :=
MgProcessRichardsonQuick [n, Transpose[MgProcesses [n, ms, maxm, H, B]1], k]
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